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We present a new method for simplifying the topology of a 3D shape. Unlike
existing methods that either remove all topological features or offer indirect
control over the target topology, our method aims at exactly preserving the
user-prescribed numbers of topological features of each type (e.g., compo-
nents, handles, and voids), while making minimal geometric changes. Guided
by persistent homology, our method removes features with low persistence
by performing either cutting or filling. This is achieved by an algorithm
for computing candidate cuts and fills that remove only low-persistence
features, an efficient algorithm for selecting an optimal subset of candidates
by computing a weighted independent set, and an iterative framework that
alternates between candidate computation and selection. Our method is
shown to be highly successful in achieving the prescribed topology on a
large test suite involving many complex 3D shapes and target topologies.
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1 Introduction

Topology is concerned with properties of a shape that are invariant
under continuous deformations. A key topological property is the
set of “holes”, or homology classes, such as connected components,
handles, and voids of a 3D shape. Many shapes in nature have a
trivial topology consisting of a single component with no handles
or voids, while others may have a non-trivial, and even complex
topology. For example, the heart has several chambers (voids), the
skeleton consists of many bones (components), and a bone may
have many tunnels (handles). Man-made shapes, such as furniture
and mechanical parts, are often non-trivial in topology as well.

Shapes reconstructed from real-world data, however, often have a
topology different from, and usually more complex than, the topol-
ogy of the target object. An incorrect topology can be detrimental
to domain applications, whether they rely on a trivial topology of
the shape, such as mapping cortical surfaces [Shattuck and Leahy
2001] or analyzing the branching structure of roots [Zeng et al.
2021], or are interested in specific topological features [Wu et al.
2017]. A complex topology also creates difficulties for a range of
geometric processing tasks, such as mesh simplification, surface
parameterization, shape matching, and physical simulations.

This work is concerned with the problem of topological simplifi-
cation, or the removal of excess topological features from an input
shape. Modifying the topology inevitably leads to changes to the
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Fig. 1. Top: The Enzyme has 456 handles and 48 voids, as shown in the
persistent diagram (left, red and blue dots are handles and voids) and the
skeleton (right, yellow surfaces bound voids). Bottom: Our method simplifies
it to a prescribed topology of 11 handles and 0 voids by removing all but
the most persistent features (boxed in the persistent diagram). Now the
skeleton reveals the dodecahedral structure of the protein. Red (blue) parts
on the input (simplified) surface are fills (cuts) made by simplification.

geometry, either by adding more contents to (filling), or removing
existing contents from (cutting), the input. Ideally, topological sim-
plification should recover the topology of the target object while
minimizing geometric changes.

Despite extensive research, a key challenge that remains is how
to control the simplified topology (see Section 2). While some meth-
ods allow the user to specify the number or size of features to be
preserved, such control is usually limited to a specific feature type,
such as only handles [Chen and Wagenknecht 2006; Wood et al.
2004; Zhou et al. 2007] or only components and voids [Bauer et al.
2012; Edelsbrunner et al. 2006; Giinther et al. 2014]. Methods that
offer controlled simplification of all three types of features either
are cumbersome to control, requiring the user to sketch [Ju et al.
2007] or provide additional shapes [Chambers et al. 2025; Zeng et al.
2020], or struggle to achieve the target topology [Kissi et al. 2024].
So far, no simplification method allows direct and precise control of
all feature types.

We present a new method for topological simplification of 3D
shapes that allows the user to prescribe the desired number of com-
ponents, handles, and voids. Our method is based on persistent ho-
mology [Edelsbrunner et al. 2002], which identifies the topological
features and equips them with a measure of importance (called per-
sistence). Our goal is to remove all but the prescribed number of most
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important features while avoiding excessive geometric changes. This
is achieved by three key technical contributions:

(1) An algorithm that computes candidate cuts and fills that re-
move topological features with low persistence (Section 5.3).
Importantly, we show that using any subset of m pairwise dis-
joint cuts and fills removes exactly m low-persistence features
(Proposition 5.1).

(2) An optimal and efficient algorithm for selecting the largest
subset of disjoint cuts and fills with minimal geometric changes
(Section 5.4). We formulate a weighted independent set prob-
lem in a bipartite graph and develop a polynomial-time algo-
rithm using graph-cut.

(3) An iterative framework that alternates between the compu-
tation and selection of candidates to maximally simplify the
topology (Section 5.5).

Our core algorithm can be applied to shapes in any dimension
represented as a cell complex, which is a collection of elementary
cells with trivial topology (e.g., simplices and hyper-cubes). To ac-
commodate common representations in 3D, such as implicit surfaces
and triangular meshes, we provide routines to obtain cell complexes
from those representations as well as to convert the simplified cell
complexes into manifold boundary meshes (Section 6).

Although lacking a theoretical guarantee of success, our method
is highly effective in practice: it achieves the prescribed topology
in every example in our test suite, which consists of more than a
thousand combinations of complex 3D shapes and target topologies
(Section 7). We demonstrate the potential application of our method
in domains such as structural biology (Figure 1), plant phenotyping
(Figure 13), and medical imaging (Figures 10 and 11).

2 Related works
2.1 Topological simplification of shapes

Many topological simplification methods are designed to remove
handles on a 3D surface [Wood et al. 2004; Zhou et al. 2007], particu-
larly the genus-0 cortical surface [Chen and Wagenknecht 2006; Han
et al. 2002; Kriegeskorte and Goebel 2001; Shattuck and Leahy 2001],
but they do not treat connected components or voids. Simplification
of all types of topological features can be achieved by morphological
operations [Nooruddin and Turk 2003], applying persistence-based
cuts or fills [Chambers et al. 2018; Wu et al. 2017], or inflating (or
deflating) an initial shape with simple topology while selectively
permitting topological changes [Bischoff and Kobbelt 2002; Szym-
czak and Vanderhyde 2003]. These methods, however, either only
cut or only fill, and hence they may incur excessive changes to the
shape (see a comparison later in Figure 14).

We know of only a few methods capable of simplifying all types
of topological features in 3D while selectively cutting or filling,
and yet none provide easy and direct means for specifying the
target topology. Ju et al. [2007] modify the input shape to match the
topology of a user-provided 3D sketch. This requires a graphical
interface for sketching, and a non-trivial topology (e.g., one with
voids or many handles) can be time-consuming to sketch. Both
Zeng et al. [2020] and Chambers et al. [2025] tackle the homological
simplification [Attali et al. 2015] problem, which is to simplify an
input shape so that the only remaining topological features also
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appear in a given inner shape (core) and outer shape (neighborhood).
These methods place the burden on the user to find a suitable pair
of core and neighborhood, whose shared topology is the desired
topology of the input shape.

One of the problems that our method addresses is selecting can-
didate cuts and fills that maximally simplify topology with minimal
geometric changes. This is formulated in [Zeng et al. 2020] as a
Node-Weighted Steiner Tree problem, which is NP-hard. Thanks
to the properties of the cuts and fills computed by our persistence-
guided method (Section 5.3), we formulate the problem as finding a
weighted independent set on a bipartite graph, which can be solved
in polynomial time (Section 5.4).

2.2 Topological simplification of functions

A related problem is modifying a function to simplify the topology
of all its level sets. Function simplification is useful, for example, for
visualizing large and noise-ridden scalar fields [Heine et al. 2016].
There are two common strategies for function simplification. Com-
binatorial methods manipulate the ordering of vertex values, and
they can offer strong guarantees of topological minimality and error
bounds in 2D [Bauer et al. 2012; Edelsbrunner et al. 2006; Lukasczyk
et al. 2020; Tierny and Pascucci 2012]. However, current combinato-
rial methods are limited to removing local extrema of the function
and therefore cannot simplify handles in 3D (which involve saddle
points). The same limitation applies to methods that simplify level
sets using contour trees [Carr et al. 2010].

On the other hand, numerical methods directly optimize the func-
tion values to maximally remove the critical points. While earlier
works only remove local extrema [Bremer et al. 2004; Giinther et al.
2014; Pataneé and Falcidieno 2009; Weinkauf et al. 2010], more recent
works can act on all types of critical points (thus simplifying all
types of topological features) by back-propagating gradients from
the persistence of topological features, an approach often known
as persistence optimization [Carriere et al. 2021; Kissi et al. 2024;
Nigmetov and Morozov 2024; Poulenard et al. 2018; Solomon et al.
2021]. However, numerical optimization may get stuck at local min-
ima and hence fail to find a solution with the desired topology (see
Figures 11 and 13).

2.3 Topology-aware reconstruction

Some surface reconstruction methods allow the user to control
the topology of the output, either using a graphical user interface
[Sharf et al. 2007; Yin et al. 2014], by providing templates or seeds
[Han et al. 2003; Ségonne 2008; Sharf et al. 2006; Zeng et al. 2008],
or prescribing the number of handles [Huang et al. 2017; Lazar
et al. 2018; Zou et al. 2015]. More recently, persistence optimization
enables the user to specify the target topology using persistence
[Briiel-Gabrielsson et al. 2020; Dong et al. 2022; Gao et al. 2022; Hu
et al. 2025]. However, these numerical methods often fail to achieve
the desired topology. To date, no existing method offers direct and
precise control of all types of topological features. Furthermore,
topological simplification is still necessary for surfaces produced by
many reconstruction methods that are not topology-aware.



3 Preliminaries

We give a brief account of foundational concepts and results used
in our method. Please refer to standard texts on algebraic topology
[Hatcher 2002] and persistent homology [Edelsbrunner et al. 2008;
Otter et al. 2017] for in-depth discussions.

3.1 Cell complex and homology

We consider a shape represented as a collection of elementary enti-
ties called cells. A k-dimensional cell, or a k-cell, is a shape homeo-
morphic to an open k-dimensional sphere. A 0-cell is called a vertex.
The boundary of a k-cell (k > 0) o is a set of (k — 1)-cells bounding
o. For example, a quad is a 2-cell, whose
; 0-cell

boundary consists of four 1-cells (edges), N
each bounded by two 0-cells (vertices);
see insert. A boundary cell ¢ of ¢ is called 1-cel] —
a face of o, and o a co-face of ¢.

A cell complex is the union of cells and
their faces. Some examples are the cubical complex, where each k-
cell is a k-dimensional hypercube with 2 vertices, and the simplicial
complex (e.g., a triangular or tetrahedral mesh), where each k-cell is
a k-dimensional simplex with k + 1 vertices. The dimensionality of
a cell complex is defined as the highest dimensionality of its cells.

Informally, homology characterizes the “holes” in a shape. For-
mally, a set of k-cells is called a k-chain, whose boundary is the
symmetric difference of all (k — 1)-faces. A k-chain with an empty
boundary is called a k-cycle, and a k-boundary is the boundary of
some (k + 1)-chain. Since the boundary of a boundary is always
empty, every k-boundary is a k-cycle, but the inverse is not always
true. The k-th homology group of a cell complex X is the group of
k-cycles factored by the group of k-boundaries. Each member of
the group is an equivalent class called homology class, consisting of
all non-boundary k-cycles that can be transformed into each other
by taking algebraic sums with some k-boundaries. Intuitively, each
k-th homology class represents a k-dimensional hole of X, such
as a connected component (k = 0), a handle (k = 1), and a void
(k = 2). The rank of the k-th homology group (i.e., the number of
k-th homology classes) is known as the k-th Betti number, fy.

3.2 Filtration and persistent homology

While homology characterizes the holes in a shape, persistent ho-
mology tracks the creation and destruction of holes as the shape
evolves. The evolution is represented by a sequence of expanding
cell complexes, known as a filtration, that are subsets of a cell com-
plex X. Starting from a single cell, the filtration adds one cell of X
at a time according to some cell ordering , known as a filter, which
has the property that every cell is preceded by its faces. The filter
order ensures that each subset of X in the filtration is a cell complex.
An example filtration is shown in Figure 2 top.

Informally, a k-th persistent homology class is a k-dimensional
hole shared by a sequence of complexes in the filtration. Formally,
it is a member of the k-th persistent homology group, which is the
group of k-cycles in a complex X in the filtration factored by the
group of k-boundaries in another complex Y later in the filtration.
As the complexes grow, a k-th persistent homology class is created
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Fig. 2. Top: a filtration and the time function. Each bracket marks the
duration of a 0-th (red) or 1-st (blue) persistence homology class, whose
p-pair is noted by the bracket. Bottom: Visualizing the k-th (k = 0, 1) p-pairs
by their birth and death times in the k-th persistence diagrams.

when some k-cell b is added and is destroyed when another (k + 1)-
cell d is added (d = o if the class is never killed). We call b the birth
cell and d the death cell, and {b,d} a persistent pair (or p-pair). In
Figure 2 top, adding cell ¢ introduces a new connected component,
which is killed by adding d. This 0-th persistent homology class is
thus represented by p-pair {c, d}. Similarly, f introduces a void that
is killed by g, creating a 1-st persistent homology class represented
by p-pair {f, g}. The component created by a remains at the end
of the filtration, which creates a p-pair {a, co}. Thereafter, we shall
refer to a persistent homology class and its p-pair interchangeably.
Note that each k-cell of X is either the birth cell in some k-th p-pair
or the death cell in some (k — 1)-th p-pair.

Akey product of persistent homology is a measure of “importance”
of topological features. Consider a time function f over all cells of
X such that it is non-decreasing in the filter . Intuitively, f(o) is
the “time” when o € X is added to the filtration. Given a p-pair
{b,d}, the times f(b), f(d) are called the birth time and death time,
respectively. The difference f(d) — f(b), known as its persistence,
measures the “life span” of the corresponding persistent homology
class. A high persistence indicates a long-lasting topological feature,
which is potentially more important, whereas a low persistence
indicates a transient feature that is more likely to be noise.

The p-pairs and their persistence can be visualized intuitively in a
two-dimensional persistence diagram (PD), whose axes are the birth
and death times of each p-pair. We call the PD of all k-th p-pairs
the k-th PD. As an example, the 0-th and 1-st PDs for the filtration
in Figure 2 top are shown at the bottom. Note that all p-pairs lie
above the diagonal line in the PD, and those further away from the
diagonal have higher persistence.

3.3 Dual complex

Our algorithms operate on both the shape and its background (the
complementary space). For this purpose, it would be convenient to
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represent both as a cell complex. Unfortunately, given a cell complex
X (the shape) as a subset of a larger complex X, the complement
X =X\ X is generally not a cell complex (that is, a face of some cell
in X is not in X). This inconvenience can be resolved by considering
the dual of the cells.

Consider an n-dimensional cell complex X. The dual cell 6 of a
k-cell 0 € Xis a (n — k)-cell whose faces (if k < n) are dual cells of
the co-faces of o. For example, consider
a 2D cell complex X. The dual 6 of a 0-
cell (vertex) o is a 2-cell (polygon). Each
edge of 6 is dual to an edge in X incident g !V
to o, and each vertex of ¢ is dual to a '
polygon in X incident to o; see insert.

Let X denote the union of the dual of all

cells in a subset X € X. It is easy to show that, if X is a cell complex,
then so is the dual of its complement, X = X. This enables a cell-
complex-based algorithm to be applied to both the shape (X) and
its background X).

While persistent homology captures the topology of the evolving
shape, persistent relative cohomology does the same for the topology
of the evolving background. Note that the reverse order of the filter
7, denoted by —, is a filter of the dual complex X. Whereas the
filtration {X, 7} expands the shape, the filtration (X, -} expands
the background. By duality [De Silva et al. 2011], the two filtrations
have matching persistent (co-)homology groups at complementary
dimensions: {b,d} (d # o) is a k-th p-pair of the shape filtration
if and only if {d,b}isa (n—k—1)-th p-pair of the background
filtration. Intuitively, the creation (destruction) of a k-dimensional
hole as the shape evolves coincides with the creation (destruction)
of a (n — k — 1)-dimensional hole in the background.

4  Overview

Our method simplifies a shape to have a prescribed number of
topological features. Specifically, given an input shape S ¢ R” and
target Betti numbers by < fi(S) for k =0,...,n — 1, we seek a new
shape S’ such that . (S”) = by for all k and the difference |S" — S| is
as small as possible. We proceed in three steps:

(1) Construct a filtration such that S is approximated by one of
the complexes in the filtration (called the shape complex).

(2) Modify the filtration to remove all k-th (0 < k < n) persistent
homology classes (p-pairs) present in the shape complex,
except those whose persistence is among the highest by.

(3) Extract a shape S” from the modified shape complex that
preserves its Betti numbers.

These steps are illustrated on a 2D example in Figure 3. The input
shape (a) has 2 components and 3 voids, and the target is 1 for each
type (i.e., by = by = 1). The filtration is created on a cubical complex
(b), whose persistent diagrams highlight the p-pairs present in the
shape complex (red dots). Such p-pairs are in the top-left quadrant of
coordinates (0, 0). After simplification, only p-pairs with the highest
persistence in each dimension remain in the shape complex. Observe
in the final shape (d) that our method performs cutting or filling as
needed to minimize geometric changes.

The core of our method is filtration simplification (Step 2), which
will be presented first in Section 5. Our simplification algorithm is
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Fig. 3. Overview of our method: given an input shape (a), a filtration is
created (b) and simplified (c), and the simplified shape is extracted (d). The
filtrations in (b,c) are visualized by the time values of the 2-cells and over-
layed with the shape complexes (blue). The persistence diagrams highlight
the active p-pairs (red dots), which are reduced to the prescribed numbers
in (c), with one 0-th p-pair (a component) and one 1-st p-pair (a void).

applicable to filtrations in arbitrary dimensions. Then, in Section 6,
we describe routines tailored for 3D to convert a shape in a different
representation (e.g., implicit surface or mesh) to a filtration (Step 1)
and to extract a manifold boundary mesh from the simplified shape
complex (Step 3).

5 Filtration simplification

We consider modifying a given filtration to simplify those persis-
tent homology classes that are present in one of the complexes —
the shape complex. We say such classes (and their p-pairs) are ac-
tive. Note that our problem is different from, and simpler than, the
simplification of all persistent homology classes, which has been
extensively studied but remains a challenging problem in 3D (see
Section 2.2). By restricting to only active features, we show that a
practically effective solution can be found.

5.1 Problem statement

Consider a filtration defined by an n-dimensional cell complex X,
a filter 7, and a time function f : X — R. We assume that X has a
trivial topology and f (o) # 0 for any o € X. The shape complex Xy
is defined as the union of cells where f < 0. A p-pair {b, d} is active
if f(b) <0 < f(d). We say a k-th p-pair is major if its persistence
is among the top by in all active k-th p-pairs, and minor otherwise.
We seek a new filter 7" and time function f’ such that the new
filtration defined by {X, 7/, f’} has the identical set of major p-pairs
as {X, 7, f} and as few minor p-pairs as possible. In addition, the
new shape complex, Xz, should be as close to X as possible.



We say a solution pair {n’, f'} is maximal if the filtration {X, 7/, f'}
has no minor p-pairs. That is, the simplified shape complex X ¢+ has
the prescribed Betti numbers by. A maximal solution always exists if
the target topology is trivial (e.g., X~ may consist of a single vertex).
For non-trivial target topologies, a maximal solution may not exist.
Our method attempts to remove as many minor p-pairs as possible,
but finding a maximal solution, if one exists, is not guaranteed.

5.2 Outline of approach

Our simplification works by identifying groups of cells, called cuts
and fills, and re-ordering a selected subset of them in the filtration.
The cuts consist of cells with negative times, the fills consist of cells
with positive times, and both are associated with minor p-pairs.
Re-ordering flips the signs of cells in the selected cuts and fills,
effectively deleting the selected cuts from and adding the selected
fills to the shape complex.

Given selected cuts C and fills F, re-ordering proceeds as follows.
Let 0~ be the last negative cell in the filter 7, and o* the cell right
after 0~. The new order reads {...,07,F,C,c",...}, with cells in C
and F maintaining their relative order in 7. Accordingly, all cells
in C are given a positive time smaller than f(c*), and all cells in
F a negative time greater than f(o~). We call such re-ordering a
migration; see Figure 4 for an illustration.

f<0: f>0
i |a||b| |J—|a+| |c| |d| I:‘C
v Or

' |a‘| @ | d | a| b |a+|

<o f'>0
Fig. 4. Migrating sets C, F produces a new cell order 7" and function f”.

What remains is finding the suitable cuts and fills whose mi-
gration yields a valid filtration with as few minor p-pairs as pos-
sible while minimizing geometric changes. We first introduce an
algorithm that identifies a candidate set of cuts and fills, such that
migrating any subset of m mutually disjoint candidates yields a
filtration that removes exactly m minor p-pairs (Section 5.3). We
then present an efficient and optimal algorithm to select a maximal
disjoint subset of candidates with minimal geometric measures (Sec-
tion 5.4). Finally, we present an iterative framework to maximally
simplify the filtration (Section 5.5).

5.3 Computing cuts and fills

To remove a minor p-pair {b, d}, a natural candidate for migration
is the birth cell b or death cell d: if the time sign of either cell is
flipped, both cells would have the same sign, and the p-pair would
no longer be active. However, the new cell order after migration
may not be a filter (i.e., every cell is preceded by its faces), if b (resp.
d) moves past one of its co-faces (resp. faces). In this case, removing
b from or adding d to X would invalidate the cell complex. While
one could migrate the (co-)faces together with b or d, doing so may
affect other, or introduce new, persistent homology classes.
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We present a way to “grow” a birth or death cell to a group of cells,
so that migrating those groups produces a valid filtration with only
the intended minor p-pairs removed. This is achieved by adopting
the concept of generating sets introduced by Ju et al. [2007], which
we shall briefly review first.

Given a cell complex X, we say a cell o € X is isolated if it has
no co-face in X. An isolated cell o and a face ¢ form a simple pair if
o is the only co-face of ¢ in X. The remainder of X after removing
the simple pair {¢, o} is another cell complex that is homotopy
equivalent to X (see Figure 5). Such removal is an example of a
deformation retract [Hatcher 2002].

]
oo | o @ = |E>Iac>
L —— ] g °

Fig. 5. Sequentially removing simple pairs {¢, o} from a cell complex.

Consider a subset K = X \ IT where II is a sequence of simple
pairs. The generating set Gx k(o) of an isolated cell o € K is the
smallest subset of IT U {¢} that includes o and the co-faces of all
cells in the set. Intuitively, Gx x (o) is an “expansion” of o from K to
X. Importantly, the remainder X \ Gx k(o) is another cell complex
and homotopy equivalent to K \ 0. As an example, Figure 6 left
shows the generating sets (green) of several isolated 1-cells (blue)
on K (black).

We use generating sets to grow birth cells into cuts. We first
compute a skeleton K of the shape complex Xy by sequentially
removing simple pairs until no such pairs remain. Intuitively, K is
the minimal subset of X that retains its topology. For technical
reasons (see Appendix A), we do not remove cells that lie on the
representative cycle for each active (major or minor) persistent
homology class. Such cycles, called generators, can be obtained from
standard persistent homology computations along with the p-pairs.
Importantly, the generator for a p-pair {b, d} always contains its
birth cell b, and hence keeping the generators ensures that b is in
the skeleton K. If b is isolated in K, we define the cut of b as the
generating set Gx .,k (b). Figure 6 left shows the skeleton K (black) of
the shape complex in Figure 3 and the cuts (green) of three isolated
birth cells (blue), which create the voids. Note that birth cells by, by,
which create the connected components, are not isolated in K, and
hence have no cuts.

We can similarly grow death cells to form fills by working on the
background - the dual of the complement of X, denoted by X:f (see
definition in Section 3.3). We first compute a background skeleton K
by maximally removing simple pairs from X} while preserving the
representative cycles (called co-generators) for all active persistent
cohomology classes. The co-generator for each class, which is also
represented by some p-pair {b, d}, always contains the dual of its
death cell, d. If d is isolated in K, we define the fill of d as the dual
of the generating set fo,k(zf). Figure 6 right shows the dual of K,

consisting of 2- and 1-cells in the primal complex, and the fills (green)
of three isolated death 2-cells (red quads), which kill the voids, and
an isolated death 1-cell (red edge), which kills a component.

We say that a cut and a fill are disjoint if no cell in the cut has a
co-face in the fill. Intuitively, a pair of disjoint cut and fill simplifies
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Fig. 6. Cuts and fills of active p-pairs {b;,d;} of the filtration in Figure 3
(b). Left: the skeleton K (black) and the cuts (green) of isolated birth cells
(blue edges). Birth cells by, b, are not isolated and hence have no cuts. Right:
the dual of the background skeleton K (black edges and gray squares, plus
ds, dy, ds) and the fills (green) of isolated death cells (red edges and squares).

different features of the shape complex. Our main result is that mi-
grating disjoint cuts and fills removes minor p-pairs while retaining
all major p-pairs and a valid filtration:

PROPOSITION 5.1. Let i/, f’ be the cell order and time function
after migrating a set of m cuts and fills of minor p-pairs, such that
each cut is disjoint from each fill. Then,

(1) {X, 7, f'} defines a filtration.

(2) Filtrations{X, 7', f'} and{X, =, f} have the same set of major

p-pairs.

(3) Filtration {X, n’, f'} has m fewer minor p-pairs than filtration

{X, = f}.

We prove the proposition in Appendix A. This property enables
precise control of the simplified topology while only requiring a
pairwise condition (disjoint-ness) between cuts and fills. As we
shall see next, a maximal set of pairwise disjoint cuts and fills that
minimize some geometric cost can be found in polynomial time.

5.4 Selecting cuts and fills

To remove as many minor p-pairs as possible while minimizing
changes to the shape complex, we select a maximal set of mutually
disjoint cuts and fills with a minimal total “size”. Here, the size of
a cut or fill can be defined by any geometric measure of the user’s
choice (see more discussion in Section 7). This selection problem
can be formulated as finding a weighted independent set.

We represent all cuts and fills computed from minor p-pairs as
an undirected graph G. The vertices of G are divided into two sets
{Ve, Vr}, such that each vertex of V, (Vy) represents a cut (fill). Two
vertices u € V. and v € V are connected by an edge if their cor-
responding cut and fill are not disjoint. Note that G is bipartite, as
there is no edge connecting vertices within V. or V (see Figure 7
left). Given a geometric measure w as a vertex cost function, the
solution to our selection problem is a maximum independent set
(MIS) of G with the minimal total vertex cost.

While finding an MIS is NP-hard on general graphs, it can be
solved in polynomial-time on a bipartite graph, thanks to Kénig’s
theorem. Let H be a flow network that includes all vertices and
edges of G, so that each edge of G is directed from a node in V. to
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G

Ve Ve
)

Fig. 7. Left: the bipartite graph G of cuts and fills. Right: the flow network
H used in Kénig’s graph cut algorithm. Dotted edges are in a minimum s-#
cut E, and purple vertices form the set Vg, an MIS of G.

anode in V¢ and associated with capacity co. In addition, H adds
two additional vertices, s, t, as well as edges from s to each vertex of
Ve and from each vertex of V to ¢, all with capacity 1 (see Figure 7
right). Let E be a minimum s-t cut of H, and Vg the union of vertices
in V. connected to s and vertices in V; connected to ¢ after removing
the cut E. Then Vg is an MIS of the original graph G.

We can modify the graph cut algorithm above to solve our weighted
MIS problem. To do so, we set the capacity of each edge {s,v} or
{v,t} in H to be W — w(v) (instead of 1), where W is the total vertex
cost of all vertices in V. U Vy. Let the modified network be H*, we
can show that (see Appendix B)

ProposITION 5.2. IfE* is a minimum s-t cut of H*, then Vg« is an
MIS of G with minimum total vertex cost.

Selecting cuts and fills using graph cut has the time complexity
O(|[VI(IV] + |E)?), where V = V, U Vr and E are the edges of G.
Since |V| (number of topological features to be removed) and |E|
(number of pairs of non-disjoint cuts and fills) are typically small
in real-world data (at most in the thousands), the algorithm runs
efficiently in practice.

5.5 lIterative simplification

While the algorithm above always finds the largest disjoint subset
in a given set of cuts and fills, this subset may be smaller than all
minor p-pairs, resulting in a non-maximal simplification. Note that
maximal simplification is guaranteed if each minor p-pair has both
a cut and a fill, because a possible solution is the set of all cuts
(or all fills). However, a p-pair may not have a cut (fill) if its birth
cell (dual death cell) is not isolated in the skeleton K (K), such as
b1, by in Figure 6. With missing cuts and fills, and constrained by
disjoint-ness, the selection algorithm may fail to find a cut or fill for
each minor p-pair. While this happens rarely in our experiments,
we propose a remedy for it.

Our key observation is that a non-isolated birth (death) cell typi-
cally lies on the generator (co-generator) of another active p-pair.
For example, birth cells by, b, in Figure 6 lie on the generators of
p-pairs {bs,ds} and {bs,ds} (see Figure 2 (e)). The birth or death
cell is “blocked” by the (co-)generator from being isolated in the
skeleton. To remove residue minor p-pairs after simplification, a



simple strategy is to take the simplified filtration as input and sim-
plify again. With fewer active p-pairs, fewer (co-)generators would
be preserved by the skeletons, and there would be less blocking.

The observation leads to an iterative algorithm, as shown in
Algorithm 1. To see that the algorithm terminates, note that at least
one cut or fill is selected if the set of cuts and fills is not empty
(otherwise the iteration stops). By Proposition 5.1, the number of
minor p-pairs monotonically decreases in each iteration. In our
experiments, our algorithm requires only one iteration for all except
two examples, among a test suite of over a thousand examples, and
those two examples need only two iterations. In all test cases, our
algorithm returns a maximal simplification.

ALGORITHM 1: Filtration simplification

Input: Cell complex X, filter 7, time function f

Output: Modified filter 7" and time function f’

{r'. [} = A{m.f}

while True do
Compute persistent (co-)homology of filtration {X, 7/, ' };
Compute skeletons K of X and K of X}/ [Section 5.3] ;
Compute cuts C and fills FF for all minor p-pairs [Section 5.3] ;

if CUF = 0 then
| break

end
Select cuts C C C and fills F C F using graph-cut [Section 5.4];
Update {n’, f'} by migrating C U F [Section 5.2] ;

end
return {7/, f'}

6 Shape simplification

To apply filtration simplification to 3D shapes, which are typically
represented as meshes or implicit surfaces, we first need to convert
these representations into a filtration. Furthermore, the shape com-
plex in the simplified filtration generally does not have a manifold
boundary surface, which reduces its utility in downstream geometry
processing. We present routines to obtain filtrations from common
3D shape representations (Section 6.1) and to extract a 2-manifold
surface from the simplified shape complex (Section 6.2). While tai-
lored to 3D, these routines can be potentially generalized to higher
dimensions.

6.1 Constructing filtrations

We consider 3D shapes defined implicitly (e.g., as a zero-level set)
or explicitly (e.g., as a triangular mesh). The level set of a function
g : R¥ — Ris typically discretized on a spatial grid (e.g., cubical or
tetrahedral), where g is sampled at the vertices. This grid naturally
serves as the cell complex X. We define the time function f to be the
same as g at each vertex, and as the maximum of all vertex g values
at other cells. The filter  is any ordering of cells with ascending
f such that each cell is preceded by its faces. The shape complex
Xy defined this way is topologically equivalent to the 0-level set of
the piecewise linear interpolation of g on a tetrahedral grid and the
6-connectivity of grid points where g < 0 on a cubical grid.

To obtain a filtration from a triangular mesh, we can first convert
the mesh to the implicit form by generating a signed distance volume
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from the surface. However, the conversion may lose fine geometric
features. Alternatively, we can adopt existing tetrahedral meshing
techniques to create a tetrahedral grid where the input surface is
closely approximated [Fabri and Pion 2009; Hu et al. 2018] or exactly
preserved [Diazzi et al. 2023; Si and Gértner 2005] by a subset of
the tetrahedral faces. To obtain a filtration, we first compute signed
distances at each tetrahedral vertex to the input mesh (subtracted
by a small constant to avoid zero values at vertices) and then follow
the steps above for an implicit grid.

6.2 Extracting manifold meshes

After filtration simplification, the shape complex X is a sub-complex
of X consisting of all cells with negative values in the modified time
function f’. We want to extract a manifold triangular mesh approx-
imating the boundary of Xy, such that the interior of the mesh has
the same topology (i.e., homology classes) as X

One solution is to use a standard contouring method, such as
Marching Tetrahedra and Marching Cubes, to extract an iso-surface
of f” on the cell complex X. However, as these methods only con-
sider the values at the 0-cells (vertices) and ignore those at higher-
dimensional cells, they may produce a topology that is different
from Xr. For example, suppose X is a tetrahedron (3-cell) that is
positive in f” but whose faces (vertices, edges, and triangles) are
all negative. A void exists in X, but it does not in the output of
Marching Tetrahedra, since all vertices are negative.

Instead of designing a new contouring algorithm, we propose to
refine the cell complex X so that existing contouring algorithms pro-
duce the correct topology. Unlike the uniform refinement approach
taken in [Ju et al. 2007], our refinement is localized to only those
cells where vertex-based contouring produces a different topology
from that of the negative sub-complex. This leads to only small
increases in the output mesh size after refinement.

We say a cell of X is trivial if it is negative in f” or at least one of
its vertices is positive, and nontrivial otherwise. As f” is a valid time
function, a trivial cell is negative if and only if all its vertices are
negative. In other words, its sign is completely determined by its
vertex signs. As a result, a vertex-based contouring method produces
the same topology in a trivial cell as Xy/.

To resolve nontrivial cells, we process the cells of X from low
to high dimensions. In each dimension, we subdivide all cells that
are either nontrivial or contain some face that has already been

/

Fig. 8. Refining a tetrahedron (top) and a cube (bottom) by subdividing
1-cells, 2-cells, and 3-cells. Blue vertices and edges have negative values.
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1-PD

(b) No handles

(a) Input

(c) 3 handles

(d) 5 handles

(e) 10 handles

Fig. 9. Simplifying the Tree (Bo/f1/P2 : 1/17/1) (a) while preserving 0, 3, 5, and 10 handles (b-e) and no voids. The 1-PDs of the original and simplified
filtrations are shown at the top. Surfaces (some shape modifications shown in close-ups) and skeletons (purple) are shown at the bottom.

subdivided. Subdividing a k-cell o (k > 0) removes o, creates a
vertex v at the centroid of o, and creates a new cell connecting v to
every face of 0. Each newly created cell inherits the same f” value as
o. It is easy to verify that refinement produces a valid cell complex
and time function, and each cell in the refined complex is trivial.
Figure 8 demonstrates the process on a tetrahedron and a cube.
Refining a tetrahedral complex produces another tetrahedral com-
plex, and refining a cubical complex produces a mixed complex
consisting of tetrahedra, cubes, and pyramids. We contour these
cells using Marching Tetrahedra, Marching Cubes (with a modified
look-up table that preserves the 6-connectivity of negative vertices),
and Marching Pyramids (a simple variant of Marching Cubes).

7 Results

We demonstrate our method on a variety of 3D shapes while pre-
scribing different target topologies (bo, by, bs).

7.1 Implementation and experiment setup

Our algorithm is implemented in C++. We adopt PHAT [Bauer et al.
2017] for computing persistent homology and use the exhaustive
reduction algorithm [Edelsbrunner and Zomorodian 2003] to com-
pute canonical generators (for computing skeletons). We observed
that such generators result in better-shaped cuts and fills than those
computed by the standard algorithm [Edelsbrunner et al. 2002].

We test on 3D shapes in either implicit or explicit form. For the
latter, we use fTetWild [Hu et al. 2020] to obtain the tetrahedral
complex from an input triangular mesh. Unless stated otherwise,
the geometric measure (w in Section 5.4) of a cut (fill) is chosen
as the absolute time value of the corresponding birth (death) cell
in the filtration. This choice favors cuts and fills that are closer, in
terms of the time function, to the shape complex. See a comparison
of different choices of w in Figure 14.

We compare with the state-of-the-art methods for simplifying the
topology of shapes [Zeng et al. 2020] and functions [Kissi et al. 2024].
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The implementations of both methods require cubical complexes.
Zeng’s method requires the user to provide a pair of additional
shapes (core and neighborhood) whose shared topological features
exactly match the target topology. Such a pair is difficult to find for
a nontrivial target topology, so we test this method using the trivial
topology as the target by setting the core to be a single voxel and the
neighborhood to be the entire cubical volume. Kissi’s method [2024]
simplifies all persistent homology features in the filtration whose
persistence is lower than a user-given threshold. Our experiments
showed that their method often leaves many features in the filtration,
even at the highest threshold setting. We therefore use the highest
threshold possible in each experiment.

7.2 Visual examples

In the following examples, the results are presented as the simplified
shapes, their skeletons (to visualize handles and voids), and the k-
PDs (i.e., persistent diagrams of the k-th p-pairs) of the filtrations
for k = 0,1,2. Each PD highlights the active p-pairs as red dots,
which lie in the top-left quadrant of {0, 0}. We omit the 0-th p-pair
with an infinite death time. All examples are converted to cubical
complexes except the Tree (Figure 9) and Helmet (Figure 15), which
are converted to tetrahedral complexes.

We first test on the Tree (Figure 9), a triangular mesh with 1 com-
ponent, 17 handles, and 1 void. We apply our method to remove
the void (b, = 0) while preserving varying numbers of handles
(b1 = 0,3,5,10). As shown in the 1-PDs, for each target topology,
our method retains the top b; most persistent handles (i.e., dots
furthest from the diagonal) in the original shape while removing all
remaining ones. Observe from the close-up views that our method
performs cutting or filling to minimize the chosen geometric mea-
sure. For example, in the left close-up in (b), the smaller tunnel
(top) is filled while the larger one (bottom) is cut. The choice of
cutting or filling for a feature may change with the target topology.
For example, while our method decides to cut the two handles in



0-PD
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Bo = 10 Bo = 20 Bo =39

1-PD

2-PD

(a) Input

(b) No features

(c) Keep 10% (d) Keep 20% (e) Keep 40%

Fig. 10. Simplifying the Bone (f/f1/B2 : 102/582/57) (a) while preserving the top x% most persistent features of each type for x = 0, 10, 20, 40 (b-e). The Bone

surface and a cross-section are shown on the left.

the right close-up in (b), it switches to filling when just one of the
handles needs to be removed, as shown in (d).

We next test our method on a more complex example, the Bone,
which is an iso-surface of a CT scan (Figure 10). The shape contains
102 components, 582 handles, and 57 voids. We ask our method to
simplify this shape while preserving x% of features of each type
for x =0, 10, 20, 40. Our method is able to realize each of these pre-
scribed topologies. Observe from the PDs (and close-up views) that
simplification strictly maintains features above some persistence
level (i.e., distance to the diagonal line) while completely removing
those under it. Our iterative algorithm requires only one iteration
for all target topologies except the trivial topology (0%), where it
uses two iterations. The first iteration removes all features except
the most persistent handle, which is removed in the second iteration.

We compare our method with [Kissi et al. 2024; Zeng et al. 2020]
on two iso-surfaces in Figures 11 and 13. The Vessel in Figure 11 (a)
includes several disconnected portions of a larger vessel network,
due to the small field of view. The two major portions are seen on the
left and right. Due to insufficient imaging resolution, nearby vessels
may get merged and form handles, and thin vessels are broken
into disconnected pieces. Our method can simplify this input to a
trivial topology (b), connecting broken pieces and disconnecting
merged parts (see close-ups in Figure 12). However, doing so forces
two major vessel parts to connect. They can be separated, with
each part remaining handle-free, by prescribing two components
as the target topology (c). Increasing the target component number
separates the smaller vessel parts (d). In contrast, [Zeng et al. 2020]
can only simplify to a trivial topology (e), and [Kissi et al. 2024] fails
to remove the majority of the features (f).

The Root in Figure 13 (a) is our most complex example, with
well over a thousand topological features. Observe from the cross-
sectional view that there are large cavities inside the root stem and
some of the thicker branches, which could be interesting from a
biological perspective. While our method can fully simplify all topo-
logical features (b), it can also preserve a user-specified number of
cavities while removing all remaining features (c,d). On this com-
plex example, [Zeng et al. 2020] cannot achieve a full simplification,
resulting in 2 handles and an extra component (e). [Kissi et al. 2024]
produces a more topologically complex output, as it seems to have
pulled noise from a different intensity range into the shape (f).

Our method can be used with any user-defined geometric measure
of a cut or a fill. Different measures may lead to (sometimes sig-
nificantly) different simplified shapes. We compare our time-based
measure with a few others in Figure 14 using the Vessel example
from Figure 11. The first choice, shown in (c), measures the size
of a cut or fill by the number of cells in the set. While this choice
minimizes the change to the volume of the input, it may introduce
unnatural modifications caused by cuts or fills that are far away
from the shape in the filtration (see red arrows). Another choice is
to favor cuts over fills (d), by assigning a high cost to each fill, or
vice versa (e). While the former leads to the loss of large compo-
nents, the latter may produce overly large fills (see red arrows). In
comparison, the result produced by using the time-based measure
avoids excessive removals or additions (b).

We give an example where an alternative geometric measure
produces a more desirable result. The triangular mesh Helmet in
Figure 15 (a), reconstructed from a point cloud using [Xiao et al.
2023], contains many “holes” (handles) due to noise in the data.
As the shape is thin and the holes are small, the birth and death
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(a) Input (138,11,0)

p=

Qi ¥,
W

(c) Ours (2,0,0)

N
P
- )

(e) Zeng et al. (1,0,0) (f) Kissi et al. (117,8,0)
Fig. 11. Simplifying the Vessel (a) using our method while preserving 1 (b),
2 (c), and 7 (d) components and no handles, and comparing with [Kissi et al.
2024; Zeng et al. 2020]. Betti numbers of each shape are noted underneath,
and connected components in (c,d) are colored.

(b) Simplified

(a) Input

Fig. 12. Close-ups of regions in the Vessel example (Figure 11) before (a)
and after (b) simplification to a trivial topology.

cells of these handles have similar and small time values in the
filtration. As a result, the corresponding cuts and fills have similar
costs in the time-based measure, making the choice between them
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(f) Kissi et al. (1259,787,37)

(e) Zeng et al. (2,2,0)

Fig. 13. Simplifying the Root (a) using our method either to a trivial topology
(b) or by preserving 2 (c) or 10 (d) voids, and comparing with [Kissi et al.
2024; Zeng et al. 2020]. Betti numbers of each shape are noted underneath,
and void components in (c,d) are colored. Inserts show a cross-section of the
input (a), thin branches before and after simplification (a,b), and a skeleton
showing handles not simplified by [Zeng et al. 2020] (e).

almost arbitrary. As seen in (b), while applying our method with 6
prescribed handles - the native topology of the Helmet — realizes
that topology, it creates many cracks on the helmet due to cutting.
Replacing the measure by one that favors fills over cuts, our method
fills the unwanted holes without cracks (c).

While our method requires the user to prescribe the Betti num-
bers, this can be challenging if the shape’s true topology is complex
and unknown. In this case, the persistence computed in our method
could help identify the desirable topology. This is demonstrated in
Figure 16 for simplifying the Skull. We know the skull should have
a single component and no void, but we do not know the correct



(b) Time-based (c) Volume-based

7Y 7

(d) Cut-preferred  (e) Fill-preferred

Fig. 14. Comparing different choices of geometric measures of cuts and fills
in our method when simplifying the Vessel.

number of handles. By inspecting the histogram of persistence of
handles (top-left), we found a plausible persistence threshold (0.6)
that separates “noise” from “signal”, above which there are 33 han-
dles. Using (1,33,0) as the target, our method significantly reduces
the topological complexity of the shape (as seen in the skeleton
and close-up view) without losing those handles representing true
anatomical features of the Skull. To further demonstrate the benefit
of a simplified topology, we decimated both the input and simpli-
fied surfaces to the same mesh size (5K triangles) using [Garland
and Heckbert 1997]. Observe that decimation on the topologically
simplified surface preserves the geometry much better than on the
input mesh, as the latter requires many triangles to maintain the
topological features.

Finally, Figure 1 demonstrates a potential use case of our method
in structural biology. The input shape is an iso-surface of the Pyru-
vate Dehydrogenase core, a large enzyme complex arranged in a
dodecahedral structure. However, this structure is lost in its many
topological noises (456 handles and 48 voids), as seen from its skele-
ton. Observe that, in the PD of the input filtration, there is a clus-
ter of handles with much higher persistence than the rest (in the
boxed region). These 11 handles capture precisely the dodecahedral
connectivity. By removing all but those 11 features, our method
produces a new shape that is geometrically similar to the input, but
with a much more compact curve skeleton that clearly reveals the
dodecahedral architecture.

7.3 Batch tests

In every example above, our method returns a maximal simplifi-
cation — a simplified shape with the exact number of components,
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(a) Input (b) Time-based (c) Fill-preferred
Fig. 15. Comparing the time-based (b) and fill-preferred (c) geometric mea-
sures when simplifying the Helmet (a) to preserve 6 handles and no voids.
Betti numbers are shown by the shapes, and inserts show several “holes” in

the Helmet removed by cutting (b) or filling (c).
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(b) Simplified (1,33,0)

—

(a) Input (31,358,6)

Fig. 16. Simplifying the Skull to preserve handles above a persistence thresh-
old (0.6, blue line in the persistence histogram in top-left), showing the
surfaces (top), a close-up view of a region riddled with handles in the input
shape (2nd row), the skeletons (3rd row), and each mesh decimated to 5K
triangles (bottom).

handles, and voids as prescribed. To further evaluate its robustness,
we test our method on two large batches of examples.
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Fig. 17. Batch perturbation tests. Left: Histogram of the sum Sy + 1 + 2
among the 310 perturbed shapes from Thingi10K (original sum ranging
between 7-11). Right: Run time of PHAT (red), Step 2 (blue), and our entire
method (green) as a function of cell complex size.

The first batch varies the target topology on the same input shape.
We consider our two most complex inputs, the Enzyme (Figure 1)
and the Root (Figure 13). For Enzyme (8o, f1, B2 = 1,456, 48), we first
vary b, = 1,...,48 while fixing b; = 0, and then vary b; = 1,...,456
while fixing b, = 0. This creates more than 500 combinations of
target topologies. For Root (B, f1, B2 = 1040, 754, 37), we vary each
b; (i = 1, 2,3) independently between 0 (for by, b,) or 1 (for by) and
10, which creates more than a thousand combinations. Our method
achieves the target topology in all these 1500+ test cases, and only
a single iteration is needed for each case.

The second batch adds noise to a collection of input shapes, and
we use our method to recover their original topologies. We collect
all models on Thingil0K [Zhou and Jacobson 2016] whose genus
ranges between 6 and 10. We follow the same routine in Section 6.1
to convert each triangular mesh to a tetrahedral complex, except
that a random noise up to 1% of the diagonal length of the bounding
box is added to the signed distance at each vertex before the filtra-
tion is created. We then keep all models (310) that show an increase
in topological complexity after perturbation. The increase is quite
significant, as shown in the histogram of the sum of Betti num-
bers in Figure 17 left. We then run our method on each perturbed
shape by prescribing the topology of the original shape (number of
components, handles, and voids). Our method finds the maximal
simplification in all 310 tests. Except for one case that requires two
iterations, only a single iteration is needed.

In summary, our method achieves 100% success rate in finding a
maximal simplification in our experiments. Except in rare (2 out of
nearly 2000) cases where our method runs for two iterations, only a
single iteration is necessary.

7.4 Performance

We report the timing for the visual examples in Table 1, listed in the
order of increasing number of cells in the filtration. The timing is
broken down by the steps of our algorithm (see Section 4), namely
converting the input into a filtration (Step 1), simplifying the filtra-
tion (Step 2), and extracting the final surface (Step 3). The timing
is only shown for a trivial target topology and a single iteration
of Step 2. Different target topologies only differ in the selection of
cuts of fills, and that takes a negligible amount of time compared to
the rest of the algorithm. Observe that the runtime is dominated by
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Table 1. Running time (in seconds) of each algorithm step. Times in paren-
theses in Step 2 are those of PHAT.

H Bo, B1, Ba ‘ Cell count H Step 1 ‘ Step 2 ‘ Step 3
Tree 1,17,1 857327 1.32 6.30 (5.34) 0.86
Helmet 1,42,1 1598371 2.73 12.84 (11.48) 1.55
Bone 102,582,57 6028737 7.68 157.46 (133.10) 3.21
Vessel 138,11,0 8120601 17.51 102.32 (94.12) 0.96
Skull 31,358,6 9302799 21.21 131.48 (118.96) 4.61
Enzyme 1,456,48 13997521 33.81 196.60 (175.35) 8.53
Root 1040,754,37 | 34950215 83 1600.24 (1448.60) 6.72

Step 2, which in turn is dominated by the computation of persistent
homology using PHAT.

We plot the runtime for the second batch test (on Thingi10K
models) in Figure 17 right, showing also the time taken by Step 2
and specifically by PHAT. As in the visual examples, Step 2 (and
particularly PHAT) dominates the overall runtime. The plot also
reveals a roughly linear complexity to the size of the cell complex.
All timings are recorded on a PC with Intel(R) Core(TM) i9-10900X
CPU (3.70GHz) and 128GB RAM.

8 Discussion

We present a new algorithm for simplifying the topology of 3D
shapes. A key benefit of our method is that it allows the user to pre-
scribe the number of topological features of each type (components,
handles, voids) to be preserved after simplification. This is enabled
by a novel algorithm for filtration simplification that enables pre-
cise removal of persistent homological classes that are present at a
specific cell complex of the filtration. Although success is not guar-
anteed, our method found maximal simplifications for all examples
and target topologies in our experiments.

Our method has several limitations. We rely on the computation
of persistent homology, which is known to be time- and space-
consuming on large cell complexes (e.g., a high-resolution cubical
grid). A possible solution is to apply our method to a partial filtra-
tion constructed from an “envelope” around the input shape, similar
to [Zeng et al. 2020]. Furthermore, the cuts and fills made by the
algorithm often have a non-smooth appearance, due in part to the
structure of the underlying cell complex. This can be potentially
resolved by performing grid refinement during simplification. As
future work, we would like to explore how our algorithm can be
extended to simplify all features in the filtration (for function sim-
plification) and how it can be combined with surface reconstruction
methods to produce topologically correct surfaces without the need
for post-processing repair.
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A Proof of Proposition 5.1

We will first prove that migrating a set of disjoint cuts and fills
produces a filtration. Recall that a cell ordering 7 and function f
defines a filtration on the cell complex X if r is a filter (i.e., each
cell is preceded by its faces) and f is non-decreasing in 7. Please
refer to Section 5 for the definitions of cuts, fills, and migration.

LEMMA A.1. Let C be a union of cuts and F a union of fills of a
filtration {X, , f} so that C and F are disjoint. The cell order =’ and
function f” after migrating C U F defines a filtration on X.

ProoF. Itis easy to verify that f” is non-decreasing in 7’. We will
show that 7’ is a filter. By the definition of migration (see Figure
4), the order of a cell o and its face ¢ in 7 may switch in 7’ after
migration only in the following scenarios, which we will show to
be impossible if C, F are disjoint cuts and fills:

(1) € C,0 ¢ Cand f(0) < 0 (i.e., ¢ moves ahead of o~, which
is ahead of ¢): C is made up of cuts, which are generating
sets of the shape complex. By definition of generating sets,
C must include the negative co-faces of all its cells. So ¢ € C
and f(o) < 0 implies o € C.

(2) (Symmetricto (1)) o0 € F, ¢ ¢ F and f(¢) > 0 (i.e., 0 moves
to be before o*, which is before ¢): Since F is made up of fills,
which are the dual of generating sets of the dual complement
of shape complex, F must include the positive faces of all its
cells. So o € F and f(¢) > 0 implies ¢ € F.

(3) ¢ € Cand o € F (i.e., they switch order as C and F switch):
This is impossible if C and F are disjoint.

]

To understand how migrating C U F affects the persistent homol-
ogy, we shall break it down into smaller migrations, each moving
only one or a pair of cells at a time. Each migration, in turn, is
performed by a sequence of swaps of adjacent cells. Our analysis
builds on the seminal work of [Cohen-Steiner et al. 2006], which
details how to update persistent homology by cell swapping. We
first summarize the results that are most relevant to our proof.

Consider two cells a, b € X that are adjacent in the filter 7 such
that a < b (that is, a precedes b) and a is not a face of b. We assume
that X has a trivial topology, meaning all p-pairs have a finite death
cell except for the first cell in 7z, which is not a. Swapping a, b
modifies the p-pairs and their (co-)generators only in the following
scenarios (case numbers are from [Cohen-Steiner et al. 2006]):

(1) Both a, b are birth cells. Let {a,a’}, {b, b’} be their p-pairs.

Furthermore, a is on the generator of {b, b’}.
(a) [Case 1.1.1] @’ < b’: No changes to p-pairs, but the genera-
tor of {b,b’} and the co-generator of {a, a’} are modified.
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(b) [Case 1.1.2] @’ > b’: The birth cells are switched to form
new p-pairs {b,a’} and {a, b’}. P-pair {b, a’} inherits the
co-generator, and modifies the generator, of {a, a’}, while
p-pair {a, b’} inherits the generator, and modifies the co-
generator, of {b, b’}.

(2) Both a, b are death cells. Let {a*, a}, {b*, b} be their p-pairs.
Furthermore, b is on the co-generator of {a*, a}.

(a) [Case 2.1.1] a* < b*: No changes to p-pairs, but the genera-
tor of {b*, b} and the co-generator of {a*, a} are modified.

(b) [Case 2.1.2] a* > b*: The death cells are switched to form
new p-pairs {b*, a} and {a*, b}. P-pair {b*, a} inherits the
generator, and modifies the co-generator, of {b*, b}, while
p-pair {a*, b} inherits the co-generator, and modifies the
generator, of {a*, a}.

(3) [Case3.1] aisadeath cell and b is a birth cell. Let {a*, a}, {b, b’}
be their p-pairs. Furthermore, a is on the generator of {b, b’}
and b is on the co-generator of {a*, a}: The birth and death
cells are switched to form new p-pairs {a*,b} and {a, b},
which respectively inherit the (co-)generators of {a*, a} and
{b,b"}.

These cases are illustrated in Figure 18. We shall refer to them using
their respective case numbers in [Cohen-Steiner et al. 2006].

Case 1.1.1 Case 2.1.1
[alp] o [p] | T« [»° a]b]

Case 3.1
[pla] o [o | Ja] [ [o]e]

o] Jalo[ [b]
Case 1.1.2 Case 2.1.2

af  [ole]  [¥]
lalo]  [p[ o] | Jo] ] [a]p]
[ple]  [o] Jof | Jo] ] [p] <]

Fig. 18. Cases in [Cohen-Steiner et al. 2006] in which swapping a cell pair
{a, b} modifies some p-pairs (green letters), generators (red arcs), or co-
generators (blue arcs).

We start with a technical lemma about birth and death cells. Recall
that a cell 0 € X is isolated in cell complex X if it has no co-face in
X, and it forms a simple pair with a face ¢ if o is the only co-face of
¢ in X. We call o simple in X if it can form a simple pair with one of
its faces. Also recall that the complement of a sub-complex X € X
is X =X\ X, and the dual complement is X=X \ )A(, where"is the
dual operator.

LemMma A.2. For any cell complex X in a filtration:

(1) Any simple cell in X cannot be a birth cell in the filtration.
Symmetrically, the dual of any simple cell in X cannot be a
death cell.

(2) If a birth cell is isolated in X, then its paired death cell is in X.
Symmetrically, if the dual of a death cell is isolated in X, then
the paired birth cell is in X.



ProOF. We only need to prove the first part of each statement;
the second part holds by the duality between persistent homology
and persistent relative co-homology (see Section 3.1).

(1) Suppose, on the contrary, that a k-cell b is simple in X and also
the birth cell in a p-pair {b, d}. Then b lies in the generator of
{b, d}, which is a k-cycle, and b is the last k-cell in the cycle
to enter the filtration. As a result, this k-cycle is a subset of
any cell complex in the filtration (such as X) that contains
b. On the other hand, any k-chain in X containing b has an
“open” boundary at the face of b that it forms a simple pair
with, contradicting that b is in a k-cycle.

Consider a k-cell b that is isolated in X and the birth cell
in a p-pair {b,d}. Following the argument above, b lies in a
k-cycle in X. If, on the contrary, that d € X, then the k-cycle
must be a k-boundary in X; that is, b must be a face of some
(k + 1)-cell in X. This contradicts the fact that b is isolated.

O

—
DN
~

Let us first consider migrating a single cell. The following lemma
shows that, when the cell is an isolated birth cell of a minor p-pair,
migration removes exactly one minor p-pair.

LEmMA A.3. Let b be the birth cell in a minor p-pair of a filtration
{X, 7, f}. If b is isolated in the shape complex Xy, then migrating b
results in a filtration that has the same set of major p-pairs as {X, =, '}
and one fewer minor p-pair.

Proor. We will decompose the migration into a sequence of steps.
Except for the last step, each step swaps b with its current next cell
and adjusts its time to be the same as the cell it swaps with. The
steps are repeated until b is swapped with o7, the last negative cell
in 7. The final step raises the time of b to a positive value smaller
than f(¢™). Since b is isolated in Xy, all its co-faces have positive
time, and hence each step produces a valid filtration.

If b maintains the same paired death cell as it moves forward,
the persistence of its p-pair never increases, and the p-pair remains
minor. Since b is a birth cell, swapping with another cell ¢ makes
changes to p-pairs only in Case 2.1.2, where c is another birth cell
and the p-pair of ¢ has a lower persistence than the p-pair of b.
Furthermore, by Lemma A.2 (2), b must be paired with a death cell
outside the shape complex (i.e., with a positive time). As a result,
¢ must be the birth cell of a minor p-pair, and swapping b with ¢
does not change any major p-pair or the total number of minor
p-pairs. The final step retains all p-pairs but only makes the p-pair
of b inactive, thus reducing the number of minor p-pairs by one. O

As a corollary, we have the following characterization of the
p-pair of b after migration, which follows directly from the proof
above and Lemma A.2 (2):

CoRroLLARY A4. Let b be the birth cell in a minor p-pair of a
filtration {X, 7, f} that is isolated in Xr, and {n’, '} the new filter
and time function after migrating b. Then:

(1) The birth cells of minor p-pairs of the filtration {X, ', f'} are

the same as those of the filtration {X, 7, f} but without b.

(2) The death cells of minor p-pairs of the filtration {X, n’, f'} are

the same as those of the filtration {X, z, f} but without d, such
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that {b,d} is a p-pair in the filtration {X, n’, f'} and d is either
a co-face of b or the dual of a non-isolated cell in Xr.

Moving on to migrating a pair of cells, the next lemma shows
that migrating a simple pair, under certain conditions, retains all
p-pairs and their (co-)generators.

LEMMA A.5. Let {¢, o} be a simple pair of the shape complex X¢
of a filtration {X, , f} such that neither cell lies in the generator of
any active p-pair. Migrating {¢, o} results in a filtration that retains
all active p-pairs and their (co-)generators in {X, r, f}.

Proor. We follow the multi-step approach in the proof of Lemma
A.3 to migrate one cell at a time. We first migrate the simple cell o.
Since o is isolated, each step of migration produces a valid filtration.
Note that o remains simple in the shape complex, until the final
step when it exits the shape complex. By Lemma A.2 (1), o must be
a death cell and remains so during migration. As a result, before the
final step, migration makes changes to p-pairs and (co-)generators
only in Cases 2.1.1 and 2.1.2. In both cases, o swaps with another
death cell and the swap does not affect any active p-pairs or their
(co-)generators. The final step creates a new active p-pair — the
p-pair with o as the death cell - as ¢’s time turns positive. Let 7/, f”
be the new filter and time function.

Next, we migrate ¢, which is now isolated in the new shape com-
plex X, since its only co-face (o) is no longer in the shape complex.
As a result, each step of migration produces a valid filtration. By
Lemma A.2 (2), an isolated ¢ cannot be the birth cell of a non-active
p-pair. On the other hand, since ¢ avoids all generators of active
p-pairs of the original filtration, which are preserved by the migra-
tion of o, ¢ cannot be the birth cell of any of those active p-pairs.
We conclude that, before migration, ¢ is either a death cell or the
birth cell paired with 0. We will show that each step of migration
(before the final step) maintains this characterization of ¢, as well
as all active p-pairs (except ¢’s) and their (co-)generators. There are
two cases to consider when swapping ¢ with its next cell ¢’:

(1) ¢ is a death cell: Cases 2.1.1, 2.1.2 and 3.1 are possible. In the
first two cases, only non-active p-pairs and (co-)generators
are affected, and ¢ remains a death cell. In the last case, ¢
becomes a birth cell. Following the same argument above, ¢
can only be paired with ¢, and no other active p-pairs or their
(co-)generators are affected.

(2) {¢, o} is a p-pair: Swapping ¢, ¢’ may change p-pairs or their
(co-)generators only in Cases 1.1.1 and 1.1.2, and we will show
that neither case would happen. The former requires ¢ to
be on the generator of the p-pair of ¢’, which is an active p-
pair inherited from the original filtration. By our assumption,
such generators do not contain ¢. The latter, if it happens,
would make ¢ the birth cell of a non-active pair, which is not
possible as ¢ remains isolated during migration.

Note that {¢, 0} must be a p-pair before the final step (when ¢’s
time turns positive). To see this, note that the migrated {¢, o} are
consecutive in the filter. Therefore, ¢ is the last face of o to enter
the filtration, and o is the first co-face of ¢ to enter the filtration.
In the algorithm for computing persistent homology classes, the
column of o with pivot ¢ is already reduced in the boundary matrix,
making {@, o} a p-pair. This p-pair turns inactive after the final step,
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removing the only new active p-pair introduced by migrating o. As
a result, the resulting filtration retains all original active p-pairs and
their (co-)generators. O

This lemma is the reason why our algorithm asks the skeleton to
preserve the generators of active p-pairs: doing so ensures that the

simple pairs removed during skeletonization avoid the generators.

As the removed simple pairs make up the generating sets, which
define the cuts, we can leverage this lemma to examine the migration
of simple pairs in the cuts. Similarly, preserving the co-generators
of active p-pairs in the background skeleton allows us to utilize the
lemma, applied to the background filtration {X, -7, —f}, to examine
the migration of simple pairs in the fills.

We are now ready to prove the rest of Proposition 5.1.

LEMMA A.6. Let {C, F} be unions of m disjoint cuts and fills of a
filtration {X, 7, f}. The new filtration after migrating C U F has the
same set of major p-pairs as {X, x, f} and m fewer minor p-pairs.

ProOF. Let B be the set of birth cells whose cuts make up C, and
D the set of death cells whose fills make up F. We will migrate CU F
in several stages, as detailed below, while tracking the changes to
the p-pairs and their (co-)generators.

We first migrate C \ B. By the definition of generating sets, cells in
C\ B can be grouped into an ordered list of pairs IT such that the i-th
pair is a simple pair in the shape complex after removing the first
i — 1 pairs. Furthermore, as discussed above, all pairs in IT avoid the
generators of active p-pairs. Therefore, by Lemma A.3, sequentially
migrating the pairs in IT produces a filtration that leaves all active
p-pairs and their (co-)generators unchanged.

Next, we migrate F \ D in a symmetric way. We group cells in
F\ D into an ordered list of pairs II such that the dual of the i-th
pair is a simple pair in the dual complement after adding the first
i — 1 pairs to the shape complex. Furthermore, all pairs in IT avoid
the co-generators of active p-pairs. By applying Lemma A.3 to the
background filtration, we see that sequentially migrating the pairs
in IT produces a filtration that retains all active p-pairs and their
(co-)generators.

We then migrate B. Since the active p-pairs are unchanged after

the previous migrations, cells in B remain birth cells of minor p-pairs.

Furthermore, each cell in B is now isolated in the shape complex,
as its generating set has been removed. By Lemma A.3, migrating
acell b € B produces a filtration that keeps all major p-pairs and
reduces the number of minor p-pairs by one. By Corollary A.4 (1),
the remaining cells in B\ {b} are still birth cells of the minor p-pairs,
and they remain isolated. As a result, migrating B, one cell at a
time, produces a filtration that retains all major p-pairs and removes
exactly |B| minor p-pairs.

Next, we migrate D in a similar way, one cell at a time. Note that
the dual cells D are isolated in the dual complement of the shape
complex before the migration of B. Furthermore, no cell in D is a
co-face of a cell in B, because C and F are disjoint. By Corollary A.4
(2), migrating B does not affect D, meaning that each cell d € D
remains a death cell of a minor p-pair and d is isolated in the dual
complement. Applying Lemma A.3 to the background filtration
shows that the migrating D results in a filtration that retains all
major p-pairs and removes exactly |D| minor p-pairs.
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At this point, the cell groups C and F are migrated to the desired
position in the filter, such that 6~ < F < C < o*. Let the current
filter be ’. However, the relative order within each group is not
the same as in the original filter . In the final step, we rearrange
the cells within C and F to recover their relative order in x, via
adjacent cell swaps. Since both 7, 7’ are filters, a sequence of cell
swaps that maintains the filter property always exists. Furthermore,
Corollary A.4 and the argument within the proof of Lemma A.5
show that cells in C and F are only involved in inactive p-pairs. As
a result, cell swapping within C (or F) will not affect any active
p-pairs, based on the case analysis earlier. Therefore, rearrangement
produces a filtration whose active p-pairs are exactly what they
were before rearrangement, which has the same set of major p-pairs
as the original filtration and |B| + |D| = m fewer minor p-pairs. O

B  Proof of Proposition 5.2

Proor. We will first show that a min cut E* of H* is also a min
cut of H, which would imply that Vg is an MIS of G. Denote by
sg (E) the size of a cut E in graph H, defined as the sum of edge
capacity in H over all edges in E.

Suppose, on the contrary, that E* is not a min cut of H. As H*
shares the same vertices and edges with H, E* is also a cut in H.
Then there must exist another cut E of H such that sg(E) < sg(E¥).
Note that a cut with finite size exists in H* (e.g., the set of all edges
incident to s or t), and so E* must consist of only edges with finite
capacity in H*, implying it (and E) consists of only edges with finite
capacity in H. Since the only finite capacity in H is 1, we have
sg(E) = |E| and sy (E*) = |E*|, and hence

|E| < |E*| - 1.
On the other hand, E is also a cut in H*. The cut sizes of E and E*
in H* are:
sg(E) = |E| * W — w(Ug) and sg=(E*) = |[E*| + W — w(Up+),

where w(V) = 3¢y w(v) for any node set V, and Ug consists of all
vertices in V, disconnected from s and vertices in Vy disconnected
from ¢t by the cut E. Note that both Ug and Ug: are non-empty
(otherwise E or E* is not an s-t cut) and are subsets of V. U V¢. So
we derive

sg+(E) — s (E*) < w(Up+) = w(Ug) =W < w(Up) =W <0,

meaning E has a smaller cut size in H* than E*. This contradicts the
assumption that E* is a min cut of H*.

We next show that, among all min cuts of H (which correspond
to MIS’s of G), the node set Vg+ defined by the min cut E* has the
smallest total cost. Note that, for any cut E of H,

w(Vg) =W = w(Ug) = s+ (E) — (|E[ - 1) * W.
The arguments above showed that all min cuts of H must contain
the same number of edges. Therefore, the min cut E that minimizes
w(Vg) is the one that minimizes sy« (E), its cut size in H*, implying
that E* is such a min cut. ]
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